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Abstract. Instability of elastic tubes with flowing fluid has been studied in many papers
theoretically and experimentally in the context of biological applications. Up to the present
day, only Newtonian fluid flowing in collapsible tubes has been studied. However, there are
circumstances when blood, gall, and other biological fluids have essentially
non-Newtonian properties. An important feature of the biological fluids motions in elastic
vessels is the possibility of an oscillatory flow. Several mechanisms are possible
for the appearance of such flow conditions. When the pressure inside of the tube is
substantially lower than external pressure, the tube loses stability that yields
the appearance of oscillations. Oscillations can also start due to non-existence
of the steady state of the tube conveying fluid. In this paper, existence and uniqueness
of axisymmetric states of collapsible tube conveying power law fluids have been
theoretically studied. The qualitative analytical investigation of the equations of the motion
has been conducted for the stationary state of the tube. As a result, the stationary state for
the motion of an inviscid fluid with a given velocity profile always exists for short tubes and
for arbitrarily long tubes under certain conditions. However, when viscosity is taken into
account, the tube can only have a finite length, which leads to the appearance
of non-stationary motion, as the only possible. Moreover, the state of tube satisfying
the boundary conditions can be non-unique depending on the Reynolds number
and certain additional conditions.

Key words: one-dimensional models, stationary state, ununiqueness, elastic tubes, power
law fluids, occillation.

INTRODUCTION
It is known that changes in the geometry of blood vessels, bile ducts and other biological
vessels, such as compressions or kinks, can lead to qualitative changes in the flow of a
biological fluid, yielding disfunctions of the human or animal bodies. This kind of tube
oscillation affects the flow limitation and the pressure drop. In this connection, a great interest
had been shown to the oscillation of elastic tubes and their biological application
[16, 18, 27, 28].
The simplest theoretical one-dimensional models were first used to analyze
the stability of elastic tubes in [16, 34]. Each tube is characterized by the correspondence
of the cross-sectional area and the transmural pressure (the difference between internal
and
external
pressures).
Initially,
when
the
transmural
pressure
is negative and the flow velocity is large, the tube loses stability, collapses, and its resistance
increases. In turn, this leads to the decrease of the flow rate and the increase of the transmural
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pressure. Then, the tube puffs out, the flow speed increases and the transmural pressure again
drops, closing the cycle of oscillations. During each oscillation cycle, the deformation
of the tube is not axisymmetric. Besides, the flow inside is quite complex, the separation
of the flow from the surface of the tube exists during the part of the oscillation period.
The stationary flow of an inviscid fluid in an elastic tube was investigated in [32] based
on a one-dimensional model. It was proved that there are regions in the parameter space where
such a flow does not exist, and if it exists, then in the general case it is not unique. The same
problem was solved in [15] with the flow energy loss due to separation from the wall taken into
account at the exit from the constricted segment. It turned out that solution always exists in such
formulation of the problem, although the non-uniqueness of the solution remains in the general
case.
The
results
of
the
paper
have
a
qualitative
agreement
with the experiment, but the authors of [15] pay attention to the importance of including
viscosity of the fluid in the model not only in the separation region but throughout of the flow.
Limitations of existing one-dimensional models and their improvements based on
two-dimensional models are considered in [28]. A significant development of one-dimensional
models and their qualitative agreement with the three-dimensional model is demonstrated in
[40]. A lot of papers are devoted to analytical and numerical calculations of fluid flow in the
elastic tube based on a two-dimensional model [21, 23, 24].
Despite this, the modelling of blood flow has been developed using one-dimensional
models in the biomechanics during the last twenty years [1–3, 8, 9, 11, 14, 17, 30, 31, 36, 38,
39], and also simultaneous using of one-dimensional and three-dimensional models [6, 7]. The
authors of [1, 2] consider the calculation technique and structure of software
for numerical modelling of the hemodynamics of the cardiovascular system and the study
of blood circulation in the body as a whole under the influence of periodic heartbeat.
One-dimensional models of blood flow and pressure wave propagation in the arterial system
are considered in [11], which are alternatives to more complex three-dimensional models. These
models are used to study the effect of geometric and mechanical arterial modification on the
pulsed wave, for example, due to a stenosis or a prosthesis. A review can be found of onedimensional models for modelling the network of blood vessels in [31] and also various models
that quantitatively correctly describe the pulse wave propagation are given.
On the other hand, investigations of elastic tubes have been considered only for
Newtonian (linearly viscous) fluids. Although, it is known that biological fluids such as blood
[4, 20] or bile [20] may have non-Newtonian properties under certain conditions. The blood
parameters of the cardiac cycle given in [37] are equivalent to the index of the power law fluids
n  1/ 8 in the rheological law. Also, the influence of pseudoplastic properties
on the velocity distribution in large arteries is noted in paper [13].
In all studies, where the modelling of the vascular network is based on
an one-dimensional statement of a problem [31], an unsteady calculation has to start with some
steady state, which is the solution of the corresponding boundary value problem for an ordinary
differential equation. In the present paper, it is proved that this state is in general not unique. In
addition to the regular state of the inflated vessel corresponding to positive transmural pressure,
there are a number of states in which the vessel has one or more compressions. In consequences
of the calculation of the unsteady problem, in general, different results can be obtained
depending on the choice of the initial state, only one of which is physically correct. Thus,
additional control of the solution is necessary when the calculation of hemodynamic problems
is conducted, which was not previously studied in the literature.
In this paper, we consider the axisymmetric steady state of an elastic tube conveying
power law fluids based on the one-dimensional model. The tube model takes into account its
radial stiffness and longitudinal tension. A qualitative analytical study of the equation
describing such state is conducted. In general, the method of investigation is similar to
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[15, 32], but as distinct from them, we take into account the viscosity of the fluid,
non-Newtonian rheology of the fluid and corresponding laminar velocity profile in the tube.
The conditions for the existence of a stationary state are derived. It is proved that
in the general case such a state is not unique and its possible types are investigated, as
in the papers [15, 32]. As an example, stationary blood flows in a human vascular system
are considered.
1. FORMULATION OF THE PROBLEM
1.1. Equations of motion
Consider a cylindrical tube of length L with elastic walls and non-Newtonian fluid
flowing inside (Fig. 1).The flow and the tube interact with each other through to the equality of
normal stress at the wall and matching of the flow region with the shape of the tube.
The longitudinal motion of the tube wall is neglected. Let us introduce cylindrical coordinate
system with z axis directed along the tube, where the tube occupies the domain z  [0; L] . The
flow is assumed to be axisymmetric.
We assume that the tube motion is so that each cross-section S ( z , t ) stays circular,
and the tube points move only in a radial direction. Then, the tube geometry is defined by its
radius R ( z , t ) in the point 𝑧 at time t .
Taking tube inertia and longitudinal tension of the tube wall into account, the motion of
the tube wall is written as:
2 R
2 R
(1)
( R  R0 )  N 2  P  m 2 ,
z
t
Eh
where  
is the radial stiffness of the tube, m is the wall surface density, N  h
(1   2 ) R02
is longitudinal tension, R0 is undeformed tube radius, E and  are the Young's modulus and
the Poisson’s ratio, h is the tube wall thickness,  is the normal stress, P is the tube tension
stress.
The fluid rheology obeys the power law:

ij  2



2I 2  e 



n 1

eij , I 2  eij eij ,

(2)

where ij is the viscous stress tensor, eij is the strain velocity tensor.
This law (2) is a generalisation to a three-dimensional case of the pure shear
relationship:
n

 v1 
  μ
 .
 x2 
System of equations for the incompressible fluid motion free from body forces
in an arbitrary coordinate system is written as:
div  v   0,

 i
(3)
 dv
1 i
1
ij



p



,
i

1,
2,3.
j
 dt



The no-slip condition is assigned on the surface of the tube.
12
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Fig. 1. Perturbation of cylindrical tube

Fig. 2. Velocity profiles for various

1.2. One-dimensional equation describing the steady state
Consider static state of a tube conveying fluid. Let, the flow rate Q  Q ( z ) and radius
R  R( z ) does not depend on t . Then, Q / z  0 according to the mass conservation,
i.e. Q  Q0 , where Q0 is arbitrarily specified flow rate.
Considering the parameter vr / vz ~ R / L ~  to be, we will assume that the change
of the radius of the tube along the axis is sufficiently slow, so that a Poiseuille velocity profile
is formed in each cross-section [22] (Fig. 2):
( n 1)/ n

Q0 1  3n   r 
vz  r   2
1   
 .
R 1  n   R 


(4)

In the case of Newtonian fluid ( n  1 ), we obtain a standard parabolic flow.
We will integrate the momentum equation across the cross-section (the second equation
of the system (3)) to obtain:
v 
1 p
 vz
 vz z  dS   
dS 
 vr


r

z


z


S  z ,t 
S  z ,t 
n 1

22



   n 1  vz vr    n 1  vz vr   
n 1  vz


  I 2 
   I2 
   2I 2 
r 
 r z   r
 r z  z 
 z
S  z ,t  



 
   dS ,
 

where  is the fluid density.
Using the velocity profile (4), we transform the obtained expression:
2
vz
vz
1 d   3n  1 Q 
 vr r dS  S z ,t vz z dS  2 dz   2n  1 R 2  .
S  z ,t 
 



Under the assumption of a constant cross-section pressure (which is valid for Poiseuille
problem), pressure term is rewritten as follows:
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1 p
 R 2 dp
dS

.
  z
 dz
S  z ,t 

The first two viscous terms can be transformed to the form:
2

n 1
2





   n 1  v v
0 r  r  I 2  rz  zr
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   n 1  vz vr
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 r
 r z
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2 2 R  n 1  vz vr
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I 2 


 

 r z


 .


After some algebra calculation with the long-wave approximation taking into account, the
following expression is obtained:

2

n 1
2

R n 1  vz vr
I 2 


 r z

n
 2  3n  1 Q



.

 n n n 1 R 3n 1

n

The last viscous term
n 1
2

2


 
 v
2I 2n 1  z

z 
 z
S  z ,t 




  dS


has the order  2 and can be neglected.
Further, as a matter of convenience, the problem is considered in a dimensionless form.
The flow rate Q0 , the inlet radius of the tube section R0 and the fluid density 
are chosen as the dimensionally independent scales. The dimensionless parameters (denoted by
a tilde) are expressed in terms of the dimensional parameters:

 Q 
R  02 
5
3
4
R
R
R
 R0 
  0 2 , N  0 2 N , Pin  0 2 Pin , Re 
Q0
Q0
Q0

n
0

2 n

8nn
,
(3n  1)n

(5)

where Re is the generalized Reynolds number of Metzner-Reed [27].
Omitting tildes, as a result, the dimensionless equation is written as:
2
d   3n  1 Q 
16Q n
P

  R2
 0.

2 
3 n 1

dz   2n  1 R   Re R
z

After the substitution of the resulting ratio of the dimensionless expression for pressure
(1), the latter equation is transformed to:
3n  4

NR3n1 d 3 R  2  3n  1 R
16
3 n 1 R


R
 2
 0.


3
2

 dz   2n  1  
 z  Re

(6)

It requires three boundary conditions. Two of them are obvious and correspond to
a fixed radius of the tube at its ends. For example, a tube is putted on the ends of metal tubes in
experiments on Starling resistor. Also, we will assume that the transmural pressure P  Pin at
the leading end of the tube is known:
d 2 R  0
P
R  0   R  L   1,
  in .
2
dz
N
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Thus, the equation (6) with these boundary conditions is the dimensionless boundary
value problem describing the stationary state of the tube conveying fluid.
Equation (6) can be rewritten to:

 
d  N d 2R 
3n  1
16
5

R

1
.


 Rs    2
2
2

dz   dz
 ReR3n 1
 2  2n  1  
 

(7)

The one-dimensional equation (7) was obtained and investigated in [42] without taking
the tension into account (i.e., for N  0 ). In this case, it transforms into an equation
of the first order, and it is integrated in an explicit form. For a given inlet radius R (0)  1 ,
the solution is always unique and exists only for a finite length L  Lmax . When the tension is
accountеd ( N  0 ), equation (7) is an equation of the third order with variable coefficients and
is not integrated in an explicit form. The following sections are devoted to a qualitative study
of the properties of the boundary value problem (7).
2. SOLUTION OF THE INVISCID PROBLEM
2.1. Analysis of equilibrium points
First, we consider the case when the Reynolds number tends to infinity, Re  , then
the differential equation (7) has the first integral:


N d 2R 
3n  1
5


R

1

 R  A  0,
 dz 2  2  2n  1 2


(8)

where according to the boundary conditions for z  0

P
 3n  1  1 .
A    in 

2
  2  2n  1   
Let us denote R  x and R / z  y . Then, taking (8) into account, we obtain the
system:

x  y

(9)
 
3n  1
x A
 y  2 2n  1 2 Nx 4  N  N ,



where the prime denotes the derivative with respect to z .
Under the new notations, the remaining boundary conditions are written as:
x(0)  x( L)  1.

(10)

In order to find a solution of the boundary value problem (9), (10), it is necessary to
choose the initial value y (0) on the line x(0)  1 , such that the value of 𝑧, for which the
trajectory x ( z ), y ( z ) returns to the line x  1 is equal to the length of the tube L.
We will conduct the qualitative phase plane for the system (9) analysis. First, we find
the equilibrium points ( x0 , y0 ) of the system (9). Obviously y0  0 and x0 is a solution of
equation
T  x   x5  Ax 4    0,
(11)
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3n  1
 0.
2(2n  1)2
It can be shown that equation (11) can have no more than three real roots. The one,
always present root, is negative, and two roots are positive for A  Acr . Moreover, one root is


greater than xcr  4 A / 5, the other is less. The one multiple root x  xcr is positive and the
other is negative for A  Acr . There is only one negative root for A  Acr . The critical value is
denoted by index cr . The value
5 15
Acr   4/5 
4
corresponds to the multiple root of equation (11), which is equal to the value xcr , for which the
derivative of the function T  x  becomes zero.

As an example, "T  x " diagram is plotted for   0.7 , n  0.2 and the values
A  Acr  1.00, A  1.08  Acr ( Pin  0.005), A  0.37  Acr ( Pin  0.500) (Fig. 3).
As far as x has the sense of the tube radius, only the positive roots x0  0 have
a physical meaning. It can be shown that the trajectories of the system (9) cannot intersect
the axis x  0 , therefore we will restrict oneself with the study of the half-plane x  0
of the phase plane (11).
Henceforth, we need the value of the A for Pin  0 :
A  A0  (   1).
The value of A0 coincides with the value of Acr for   1/ 4, and in other cases always
A0  Acr , because the function

Acr  A0  

5 15
   1
44/5

is always positive for   1/ 4 (Fig. 4).
Let us consider the types of equilibrium points for A  Acr (in the opposite case there are
no equilibrium points x0  0 ). After linearization, the second equation of the system (9) with
respect to the point ( x0 , 0) becomes:
x  y ,


(12)

4A 


y

5

x
.



N
x0 

The roots 1 and  2 of the characteristic equation



1

0

4A 
5 
 
N
x0 
determine the behavior of the phase trajectories of the system (12) on the phase plane.
Depending on the eigenvalues




4A 
5
,
N
x0 

we obtain:
1) the first equilibrium point x0  4 A / 5 is saddle;
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Fig. 3. Function graph

Fig. 4. Function graph (

2) the less equilibrium point x0  4 A / 5 is center.
We consider three possible types of phase trajectories depending on A. A number
of examples are given below for the parameters

  0.7 , N  2.4 , n  0.2 ,

(13)

which correspond to A0  1.08 , Acr  1.00 . Let us introduce the value of the inlet pressure
Pcr , wherein A  Acr :
 5 15

Pcr   4/5   (   1)   0.
4


1. A0  A  Acr .
The inlet pressure in the tube Pin is negative, but not too large in absolute value
( 0  Pin  Pcr ). There are two equilibrium points, one of which is the center,
and the other is the saddle.
1.1. For   1 / 4, both points correspond to x0  1 , i.e. the narrowed state of the tube.
For example, Fig.5 shows the phase plane for (13) and Pin  0.010 ( A  1.06 ).
As the absolute value of the transmural pressure increases, the equilibrium points
approach to each other. Namely, the point corresponding to the center moves
in the positive direction of the axis OX , and the point corresponding to the saddle
moves from x0  1 (one of the possible values of x0 for Pin  0 ) in the negative
direction of the axis 𝑂𝑋. An example of the phase plane for (13) and Pin  0.040
( A  1.02 ) is shown in Fig. 6.
1.2. For   1/ 4, both points correspond to x0  1 . When | Pin | increases, the points
approach to each other similar to the previous case. An example of the phase plane
is shown in Fig.7 for

  0.1 , N  2.4 , n  0.2 , Pin  0.007 .
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Fig. 5. Phase plane for (13),
Pin  0.010, A0  A  Acr

Fig. 7. Phase plane for x0  1,
Pin  0.040 , A0  A  Acr

Fig. 6. Phase plane for (13),
Pin  0.040, A0  A  Acr

Fig. 8. Phase plane (13), A  Acr

2. A  Acr .
The inlet pressure Pin is negative and large enough in absolute value
( 0  Pcr  Pin ). The equilibrium points merge for A  Acr , and they disappear
for A  Acr . An examples of phase planes are shown in Fig. 8 for values (13) and Pin  Pcr
( A  Acr ) or in Fig. 9 for Pin  0.100 ( A  0.93  Acr ).
3. A  A0 , the value Pin  0 (the inlet pressure increases).
In this case, there are two equilibrium points, one of which is the center,
and the other is the saddle. Moreover, the saddle point has the value x0  1 ,
and the center has the value x0  1 , which corresponds to the inflated and constricted states of
the tube accordingly. The phase plane for (13) and Pin  0.040 ( A  1.13  A0 ) is shown in
Fig. 10.
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Fig. 9. Phase plane for (13),
Pin  0.100, A  Acr

Fig. 11. Phase plane for (13),
Pin  0.500, A  A0

Fig. 10. Phase plane for (13),
Pin  0.040, A  A0

Fig. 12. Phase plane for (13),
Pin  0.500, y(0)  

As the transmural pressure increases, the equilibrium point corresponding to the center
moves closer to 0, and the equilibrium point corresponding to the saddle moves from 1,
toward the positive direction the OX axis. An example of the phase plane for (13) and
Pin  0.500 ( A  1.79  A0 ) is shown in Fig.11.
As the system (9) does not have singularities for x  0 and, consequently, does not
suffer other bifurcations of the phase plane, except the merging and disappearance of
equilibrium points at A  Acr . Thus, the examples of phase planes shown above for the cases
1, 2, 3 do not qualitatively change under other parameters of the problem.
Analysis of the maximal possible length of the tube
Below, we will investigate the value of z  L at which the phase trajectory returns
on the line x  1 for x(0)  1 and different values of y(0) .

178

ISSN 2409-6601. Russian Journal of Biomechanics. 2018. Vol. 22, No. 2: 169-193

Existence and uniqueness of the stationary state of elastic tubes conveying power law fluid

If the initial value y(0)   then dx / dz   , and from the structure of phase
planes it is seen that the tube is unrestricted inflate, so that the solution of the boundary value
problem does not exist.
Let us prove that if the initial value y(0)   , then the trajectory travel time before
its return to the line x  1 (value of 𝑧) tends to 0. The phase plane for (13) and y(0)   can
be an example of such a trajectory (Fig. 12).
The trajectory can be decomposed into three sections:
1. y  .
In this section, the trajectory is close to a straight line parallel to the OX axis.
According to the first equation of the system (9), x  y , the value dx / dz   , which
guarantees a high speed of passage of this section. At the same time,
the value of 𝑥 (distance traveled) is not greater than 1 , which means that the value of 𝑧 (the
time of passage of this section) will tend to 0 .
2. The section of the trajectory from y   to y  
In this section, the value of x  0 and the y rate was an order of 1/ x 4 , according to
the second equation of the system, and the other terms can be neglected. Throwing off them,
we consider simplified equations for determining the time of motion of the trajectory along
the vertical section
 x  y ,

3n  1
 y 
,

2  2n  1 π 2 Nx 4

or
x 

3n  1
.
2  2n  1 π 2 Nx 4

(14)

Taking into account the relation

x  y 

y x y

y,
x z x

equation (14) can be integrated to obtain
y2  

3n  1
 C,
 2n  1 π2 N 3x3

(15)

where due to the initial condition x(0)  1 ,
3n  1
 y (0)2 .
3  2n  1 π 2 N
Equation (15) is integrated the second time, resulting in the solution of the equation
C

(14):



d
  z  C2 , C2  const .
3n  1
C
3  2n  1 π 2 N 3

Owing to the initial condition C2  0 , so that the solution becomes:
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Fig. 14. Phase plane for x0  1 ,

Fig. 13. Phase plane for (13),
Pin  0.050, A0  A  Acr

Pin  0.007, A0  A  Acr

1

dζ
 z.
3n  1
C
3  2n  1 π 2 Nζ 3


x

Solution is rewritten in the form:
1


3 1
3n  1

 5/6
2
 3  2n  1 π N  C

 C 




C  x

dξ
1  ξ 3

 z,

(16)

when changing variables
1


3
3n  1
ζ  ξ 
 ,
2
 3  2n  1 π NC 


3n  1
χ  C   

2
 3  2n  1 π NC 



1
3

.

The integral in (16) at ξ  1 (approximation of the vertical section to x  0 )
is convergent and has an order of χ(C ), i.e. an order of C1/3 , and therefore z has
an order of

1

C 1/2 ~ y(0) . Thus, the time

z

of passing the vertical section

of the trajectory tends to 0 for y(0)   .
3. y  .
In this case, the trajectory is close to a straight line parallel to the OX axis, and the
value of z tends to 0 , similar to the trajectory section for y  .
Hence, L  0 for y(0)  , therefore the maximum length of the tube Lmax ,
for which a solution of the boundary value problem exists, can be achieved only for limited
y (0) .
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Fig. 15. Phase plane for (13), Pin  0.1, A  A0

For the limited y (0) , the value of L can be infinitely large only if the trajectory
passes near the saddle point, since in its neighborhood the speed on the trajectory falls almost
to zero, and it can remain in this neighborhood arbitrary long time. If the value x0
of the center point is 1 (i.e. κ  1/ 4, Pin  0 ), then the tube will not inflate and constrict, and
always retain its initial shape, so the length of the tube L can be infinitely large. In other
cases, the center point can not suit, because the phase trajectories are closed around this
critical point in its neighborhood, hence the trajectory starting at x(0)  1 can not approach
the center point too close.
Let us now analyze the values of Lmax for the previously examined three cases:
1. A0  A  Acr .
In this case, the tube can be arbitrarily long only for y(0) close to the separatrix
corresponding to the saddle point.
1.1. An example of such a trajectory is shown for equilibrium points x0  1 and values
(13), Pin  0.050, A  1.01, y(0)  0.051 , close to the separatrix of the saddle point
(Fig.13).
1.2. For equilibrium points x0  1 , an example is the trajectory for the values
of the parameters β  0.1, N  2.4, n  0.2, Pin  0.007 , y(0)  0.025 (Fig.14).
2. A  Acr .
Since there are no equilibrium points, the value of Lmax is finite. Thus, steady states of
the tube conveying fluids for sufficiently long tubes do not exist in this case.
3. A  A0 .
In the case, which corresponds to a positive inlet transmural pressure, the tube can also
be arbitrarily long for y(0) , sufficiently close to the separatrix corresponding to the saddle
point. An example is the trajectory for the parameters (13) and Pin  0.100, A  1.01,
y(0)  0.085, corresponding to the separatrix of the saddle point (Fig. 15).
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Fig. 16. Phase plane for (17),
Pin  0.003, A0  A  Acr , L  5

Fig. 18. Phase plane for (17),
Pin  0.003, A0  A  Acr , L  25

Fig. 17. Function graph R( z ) for (17),
Pin  0.003, A0  A  Acr , L  5

Fig. 19. Function graph A0  A  Acr , for (17),
Pin  0.003, A0  A  Acr , L  25

Consequently, the tube can be arbitrarily long for a steady state only
for A  Acr (which corresponds to Pin  Pcr ).
Non-uniqueness of the solution
In this section, we consider the non-uniqueness of the solution of the boundary value
problem (9), (10) depending on the parameter A for different tube lengths.
Most of examples discussed below are given for the dimensionless parameters
β  0.4, N  0.2, n  0.2,

(17)

then A0  1.14, Acr  1.12.
1. A0  A  Acr .
1.1. In this case, for equilibrium points x0  1 and for any values of the length L ,
there is a non-uniqueness of the solution, namely, there are two trajectories along which it is
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possible to return to the line x  1 for the same value of L . One solution corresponds to
y  0   ys  0 , where 𝑦𝑠 is the intersection of the separatrix coming from
the saddle point with the line 𝑥 = 1. The second
to y  0   ys  0 , and the trajectory goes around the center point.

solution

corresponds

For example, two trajectories corresponding to L  5 are obtained for the parameters
(17) and Pin  0.003, A  1.13 and the values y (0)  0.11400 and y (0)  0.01635
(Fig. 16). The tube radius R( z ) corresponding to these solutions is plotted in Fig. 17. Another
example, corresponding to L  25 , is plotted in Figs. 18, 19 ( y (0)  0.01672 and
y (0)  0.01674 ). Let us consider the tube length as a function of the various initial values
of y (0). The graph has the asymptote y (0)  ys , corresponding to the value, where y (0)
belongs to the separatrix of the saddle point. For the previously considered example, the graph
has the asymptote y (0)  ys  0, 01673 (Fig. 20) with the parameters (17). The solution exists
only for negative values of y (0) . Calculations show that the decrease of L is monotonically as
y (0) decreases. Therefore, for any values of L there are two solutions, namely with and
without passing around the center point.
1.2. If the equilibrium points correspond to x0  1 , then the number of solutions depends
on the length of the tube. For sufficiently small L  Lcr1 , there are two trajectories corresponding
to different initial y (0) , similar to the case A  Acr , which will be considered below. There is
no solution for Lcr 2  L  Lcr1 . Next, for Lcr 3  L  Lcr 2 , two more solutions appear,
corresponding to one additional pass around the center point, at that they are symmetric with
respect to the middle of the tube. For L  Lcr 3  Lcr 2 two additional solutions appear. For
sufficiently large L , there exists any prescribed even number of solutions. Each pass around
the center point corresponds to a local contraction of the tube and subsequent widening to the
original radius. For example, four solutions corresponds to the value L  40 : one without pass
around the center point, two with one pass, and one with two passes
(Fig. 21).

Fig. 20. Function

for (17),

Fig. 21. Function
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L
Lmax

Lcr3
L

Lcr2

Lcr1

Fig. 22. Function graph
for
,
and shapes of
curves
corresponding to each solution

Fig. 24. Phase plane for (17),

Fig. 23. Function L(y(0)) for (17),

Fig. 25. Function

for (17),

The plot of L versus the initial value 𝑦(0) has two asymptotes, ys  and ys  ,
corresponding to two separatrices of the saddle point (Fig. 22). There is no solution
of the boundary value problem for y(0)  ys  or Lcr1  L  Lcr 2 . There are two solutions for
y(0)  ys 
L  Lcr1 .
and
a
small
tube
length
There
is
uniqueness
of the solution for y (0)  0 and L  Lcr1 , or for 0  y(0)  ys  and L  Lcr 2 . There is no solution
of the boundary value problem or y(0)  ys  and L  Lcr1 . There may exist a number of
solutions corresponding to the number of returns to the line x  1 in the case of passing around
the center point for ys   y (0)  ys  , and for sufficiently large tube lengths ( L  Lcr 2 ) .

184

ISSN 2409-6601. Russian Journal of Biomechanics. 2018. Vol. 22, No. 2: 169-193

Existence and uniqueness of the stationary state of elastic tubes conveying power law fluid

Fig. 26. Phase plane for(17),

Fig. 27. Function

for (17),

A  Acr .
Taking into account that there are no equilibrium points, the solution does not exist for
large values of L. In other words, there is no trajectory returning to the point x(L) = 1. However,
there are two solutions for sufficiently small values of L , that is there are two different
trajectories corresponding to different initial values y(0) and the same values L , such that
x(L) = 1.
Since L  0 for y (0)  0 and y (0)   , the plot of the tube length L against the
initial value y (0) (Fig. 23) has a maximum corresponding to the uniqueness of the solution.
Thus, there is no solution for L  Lmax , there is a unique solution for L  Lmax , there are two
solutions for L  Lmax . The value y (0) is negative, because the existence of a solution is
possible only in this case.
For example, the phase plane is plotted for the parameters (17)
and Pin  0.100, A  0.89 in Fig. 24. There are two different trajectories corresponding to
уthe same value L  0.83 for different initial values y (0)  0.2 , 𝑦(0) ≈ −2. Both solutions
are plotted in Fig. 25 as a function of the tube radius R against the z coordinate. The function
L versus y (0) has a maximum Lcr  1.955 at the point y (0)  0.52 (Fig. 23).

2.

3. A  A0 .
In this case, when the saddle point x0  1 and the center x0  1 , the solution is always
a non-uniqueness. There are two trajectories corresponding to different initial y (0) for
sufficiently small values of L . Similary to the A0  A  Acr case, one solution corresponds to
0  y(0)  ys  , and the other solution where the trajectory passes around the center point
corresponds to y (0)  ys   0 .
For example, two trajectories corresponding to L  7.5 exist for Pin  0.003
( A  1.15) and the initial values y (0)  0.025 , y (0)  0.016 (Fig. 26, 27).
For L  Lcr1  0 , two more solutions appear, corresponding to one additional pass
around the center point, and the first turns into the second when reflected from the middle of
the tube. Four additional solutions appear for L  Lcr 2  Lcr1 . There exists any prescribed
ISSN 1812-5123. Russian Journal of Biomechanics. 2018. Vol. 22, No. 2: 169-193
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number of solutions for sufficiently large L . Each pass around the center point corresponds to
a local contraction of the tube and subsequent widening to the original radius.
For example, eight solutions correspond to the value L  20 , namely, one without a pass
around the center point, three with one pass, and four with two passes (Fig. 28).
The plot of L versus the initial value y (0) has two asymptotes, ys  and ys  ,
corresponding to the two separatrices of the saddle point (Fig. 29). There is no solution of the
y(0)  ys  .
boundary
value
problem
for
There
are
two
solutions
for y(0)  ys  and sufficiently small L . There is no solution for y(0)  ys 
and the large value 𝐿. For ys   y (0)  ys  and for large values of the tube length L , there exist
a number of solutions corresponding to the number of returns to the line x  1 for the case of
passes around the center point.
4. SOLUTION OF THE VISCOUS PROBLEM
If the Reynolds number is finite, then in equation (8) the variable A ≠ const, namely
A  A( z ) is an increasing function of 𝑧. Moreover, the derivative of this function is bounded
from below by a constant D ( A( z )  D  0 ) for limited values R(z) < M (M = const).
Therefore, the motion of the trajectory x ( z ) , y ( z ) can be represented as motion along
the vector field (9), with simultaneous evolution of this field due to the growth of A . Since
A  A( z ) is growing function, then the problem reduces to the case A  Acr for some finite z
. Physically, this corresponds to a drop of pressure below Pcr due to viscous losses. After that,
the trajectory leaves the domain x  1 at a finite time and does not return to the line x  1 .
Hence, the solution of the boundary value problem exists only for L  Lmax (Re) , and if
the length Lmax is exceeded, there is no steady state.
There can be a non-uniqueness of the solution, similar to the inviscid case, depending
on Re and, accordingly, the rate of 𝐴 increase. For example, two trajectories corresponding to

Fig. 28. Function graph
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for (17),

Fig. 29. Function
for (17),
𝑃𝑖𝑛 = 0.003, and shapes of
curves corresponding to each solution
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L = 10 are obtained for (17), Pin  0 and Re  1000 (Fig. 30). At that, the tube constriction is
located closer to the tube end in the solution with pass around center point.
The function R( z ) is plotted for (17), Pin  0.003 , Re  250 and y (0)  0.092 ,
y (0)  0.018 (Fig. 31, solid lines) for comparison with the results obtained for the inviscid
problem in Fig. 17 (see Fig. 31, dashed lines). It is seen that the constriction of the tube is shifted
under the influence of viscosity towards the tube end in both solutions. In addition,
the constriction of the tube becomes smaller in a solution with pass around center point,
and the constriction of the tube increases in a solution without pass around center point.
A nonuniqueness is possible for large finite Reynolds number Re and positive input
transmural pressure Pin  0 (and also for Pcr  Pin  0, κ  1/ 4 ), similar to the case A  A0 with
several passes around center point. As an example, Fig. 32 shows the plot R( z )
for the parameters (17), Pin  0.03 and Re  1500 . Solution with two constrictions corresponds
to y (0)  0.0745 , y (0)  0.0316 and y (0)  0.0292 , solution with one constriction
corresponds to y (0)  0.0317 and y (0)  0.0293 , the widening exists for y (0)  0.0746
(Fig. 32).
5. BLOOD VESSELS
The human cardiovascular system consists of the heart and blood vessels, such as
arteries, capillaries and veins. Blood moves along the vessels under the influence of pressure
drop, namely from high to low pressure region. Considering that the vascular wall is elastic,
changes in transmural pressure are accompanied by changes in diameter and tension.
The mechanical properties and geometric parameters of blood vessels are presented
in Table and previously were studied in a number of papers. The dimensionless parameters
(denoted as by the tilde) are expressed in terms of the dimensional parameters by (5)
Eh
and L  L / R0 . The radial stiffness can be found as  
, as far as it is known that
(1   2 ) R02
the range of values of the Young's module E for blood vessels is 0.1–1.0 MPa [5]
and the average value is usually about 0.4 MPa [41], and the value of the Poisson's ratio   0.4.

Fig. 30. Function

for (17),

Fig. 31. Function
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Fig. 32. Function

for (17),

Fig. 33. Function

for ascending
aorta

Table
Parameters of blood vessels

Ascending aorta
Large arteries
Large veins
Vena cava

[12]

V0 , cm/s
[43]

Re
[43]

Pin , N/cm2
[32]

0.20
0.10
0.05
0.15

22.00 –63.00
20.00 – 50.00
15.00 – 20.00
11.00 – 16.00

1600– 5800
110 – 850
210 – 570
630 – 900

1.33
1.10
0.13
0.10

R0 , cm
[43]

h , cm

1.00 – 1.60
1.00 – 3.00
0.25 – 0.50
0.10

In its turn, the longitudinal tension can be found as N  Ehl , where l
is the longitudinal strain of the vessel. In calculations, the tension ( E  l ) equals to
5 N/cm2 [29], which corresponds to the stresses that the wall of the vessel experiences
in the human body. The index of the power law fluids is assumed equal to one ( n  1)
in the calculations, because the blood flow in large vessels usually corresponds to Newtonian
properties.
According to the calculations, solutions exist for parameters corresponding to the aorta
and cava, and it is non-unique on all occasions. Two trajectories corresponding to the real length
of the vessel L  4 cm [25] are obtained for the values of the ascending aorta parameters
( R0  1.50 cm [25], V0  30 cm/s, Re  1900 ) (Fig. 33).
Another example is an artery. Their walls are thick enough to stand the high pressure
that is created under powerful blood ejections. Also, walls do not fall off, if they are not filled
with blood. Two trajectories exist for the parameters of the arteries (for example, Table 1 left
renal artery R0  0.25 cm [25], V0  35 cm/s, Re  370 , L  3.00 cm [25] or right common iliac
artery R0  0.44 cm [25], V0  35 cm/s, Re  650 , L  5.80 cm [25]), one of which corresponds
to slight inflation, and the second corresponds to a significant constriction
at the tube end (Fig. 34, Fig. 35).
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Fig. 34. Function

for left renal
artery

Fig. 36. Function

for left internal

Fig. 35. Function
for right
common iliac artery

Fig. 37. Function

for precava

iliac vein

In its turn, the pressure in the veins is lower then the pressure in the arteries,
so the walls of the veins are thinner. When considering the correspondence of the radius against
the tube length with the parameters corresponding to the veins (for example, left internal iliac
vein R0  0.25 cm [25], V0  20 , Re  210 , L  3.00 cm [25] or precava R0  1.10 cm [25],
V0  15 cm/s, Re  700 , L  8.00 cm [25]), two trajectories exist, similar to the trajectories
obtained for the arteries. (Fig. 36, Fig. 37).
6. DISCUSSION
When a viscous fluid flows in an elastic vessel, a pressure drop occurs due to viscous losses,
which leads to a gradual decrease in the diameter of the vessel due to the elasticity
of the walls. In its turn, the decrease of the radius causes higher pressure drop than would be in
a vessel of constant cross-section, which in turn produces a more intense contraction
of the cross-section. It was shown in [42] that the length of vessel without tension can only
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be finite, namely, the radius decrease becomes infinitely fast for L  Lmax , and the solution
of the problem does not exist for L  Lmax .
In this paper, it is proved that the tension cannot essentially change this result and
prevent the collapse of the vessel as its length increases. In other words, the steady flow of the
power low fluid in a tensioned elastic vessel is possible only for a limited length of the vessel
L  Lmax , because of the viscosity of the fluid causing the pressure losses. In long vessels, the
flow can only be unsteady, which may result in the phenomenon of flutter in elastic tubes
conveying fluid [16, 29].
This situation differs fundamentally from the results of [15], where it is shown that if
the viscosity is neglected, but the separation of the flow from the wall in the contraction
is taking into account, the solution exists for arbitrarily long tubes.
Also in the present paper, it is proved that when the solution of the boundary value
problem of an elastic vessel conveying power law fluid exists ( L  Lmax ), it is always
nonunique for sufficiently large Reynolds numbers.
For negative transmural pressure, in addition to the "natural" solution corresponding
to a gradual radius decrease and subsequent increase due to tension (in the terms of this study,
this solution is without pass around center point), there is a second solution in which the
radius decrease is more significant (the solution with pass around center point), Fig. 31. The
second solution has a greater predisposition to both the flow separation from walls and a loss
of axisymmetry of the vessel, considering a more drastic and stronger contraction of the cross
section. Apparently, this solution cannot be realized in real vessels.
For positive transmural pressure, in addition to the "natural" solution, in which
the vessel is inflated, there is a solution family in which there is one or more additional
constrictions (solutions with passes around center point), Fig. 32, which, apparently, cannot
be realized in the vascular system for the same reason.
As a result, just one of the few existing solutions corresponds to the "natural" state
of the blood vessel. Meanwhile, any of these solutions can be realized in the numerical
solution of the boundary value problem, since they are all equivalently correct in the context
of the one-dimensional model. Since at the present day one-dimensional models
of the network of blood vessels are one of the main instruments for the study of hemodynamic
problems [1−3, 8, 9, 11, 14, 17, 30, 31, 36, 38, 39], the fact of non-uniqueness of steady flow
is extremely important. Calculations of the dynamics of the pulse wave in a network of
vessels always begin with some initial condition, which is natural to choose to be a steady
flow. If this initial condition is not chosen correctly, then the subsequent dynamics will not be
calculated correctly. Thus, the results of this paper show that additional control of the physical
correctness of obtained solutions is necessary, because of the non-uniqueness of the steady
state.
CONCLUSIONS
In the paper, we derived a one-dimensional equation of the steady state of an elastic
tube conveying power law fluid, which takes the fluid rheology and the resulting laminar
velocity profile into account.
For the motion of an ideal fluid (the Reynolds number Re   ) with a given velocity
profile, the conditions for the existence of a steady state for arbitrarily long tube length are
obtained, namely, the value of the inlet transmural pressure should be either positive,
or negative and greater than some critical value ( Pin  0 or Pcr  Pin  0 ). When viscosity
is taken into account (finite Reynolds numbers), the tube can always have only a finite length.
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oscillations can be associated with the previously known oscillatory states, caused by the drop
of pressure in the fluid, loss of stability of the tube and its periodic collapses.
For sufficiently large Reynolds numbers and L  Lmax , there is a non-uniqueness
of the steady state of the tube that corresponds to the boundary conditions of the problem.
Namely, two solutions exist for Pin  Pcr  0 or Pcr  Pin  0 and κ  1/ 4 ,
and a multiple-solution family exists for Pin  0 or Pcr  Pin  0 and κ  1/ 4 .
One of the solutions corresponds to a slight contraction or inflation of the tube
with a smooth radius change along the length. The second solution (or solution family)
corresponds to steep local tube contractions with subsequent extension to the original radius. In
real life, the existence of such states is apparently impossible in connection
with the possible loss of the tube axisymmetry and the separation of the flow in the local
constriction. The model considered here does not describe these phenomena. It is likely that the
reorganization to such a regime actually leads to the appearance of an oscillatory nature
of the flow.
The results show that additional control of the states obtained in the numerical
calculations in hemodynamics based on one-dimensional models is necessary in connection
with the revealed non-uniqueness of the solution. Namely, only one of possible solutions
of the boundary value problem is physically correct (in the terms of this paper, this solution
is without pass around the center point), the other have one or more nonphysical vessel
compressions (corresponding to the pass around the center point). The absence of such control
in numerical modelling can lead to incorrect results of calculations, which do not reflect
the real motion of the biofluid in the vessel.
8. ACKNOWLEDGEMENTS
The work is supported by the Russian Foundation for Basic Research grants (projects
18-31-00407 and 18-29-10020).
REFERENCES
1.

2.

3.

4.
5.
6.
7.
8.
9.

Abakumov M.V., Ashmetkov I.V., Esikova N.B., Koshelev V.B., Mukhin S.l., Sosnin N.V., Tishkin V.F.,
Favorsky A.P., Khrulenko A.B.Metodika matematicheskogo modelirovaniya serdechno-sosudistoj sistemy
[Strategy of mathematical cardiovascular system modelling]. Mat. modeling, 2000, vol. 12, no. 2, pp. 106117 (in Russian).
Abakumov M.V., Gavrilyuk K.V., Esikova N.B., Lukshin A.V., Mukhin S.I., Sosnin N.V., Tishkin V.F.,
Favorsky A.P. Matematicheskaya model' gemodinamiki serdechnososudistoj sistemy [Mathematical model
of the hemodynamics of the cardiovascular system]. Differential Equations, 1997, vol. 33, no. 7, pp. 892–898
(in Russian).
Alastruey J., Moore S.M., Parker K.H., David T., Peiro J., Sherwin S.J. Reduced modelling of blood flow
in the cerebral circulation: coupling 1-D, 0-D and cerebral auto-regulation models. Int. J. Numer. Meth. Fluids,
2008, vol. 56, pp.1061–1067.
Anand M., Rajagopal K.R. A shear-thinning viscoelastic fluid model for describing the flow of blood.
International Journal of Cardiovascular Medicine and Science, 2004, vol 4, pp. 59-68.
Bergel D. The static elastic properties of the arterial wall. J. Physiol, 1961, vol. 156, pp. 445-457.
Blanco P., Discacciati M., Quarteroni A. Modeling dimensionally-heterogeneous problems: analysis,
approximation and applications. Numer. Math., 2011, vol. 119, pp. 299-335.
Blanco P., Feijóoa R., Urquiza S. A unified variational approach for coupling 3D-1D models and its blood
flow applications. Computer Methods in Applied Mechanics and Engineering, 2007, vol. 196, pp. 4391-4410.
Blanco P., Watanabe S., Passos M., Lemos P., Feijóo R. An anatomically detailed arterial network model
for one-dimensional computational hemodynamics. IEEE Trans. Biomed. Eng., 2015, vol. 62(2), pp. 736-753.
Boileau E., Nithiarasu P., Blanco P., Müller L., Fossan F., Hellevik L., Donders W., Huberts W.,
Willemet M., Alastruey J. A benchmark study of numerical schemes for one-dimensional arterial blood flow
modelling. Int. J. Numer. Method Biomed. Eng., 2015, vol. 31(10).

ISSN 1812-5123. Russian Journal of Biomechanics. 2018. Vol. 22, No. 2: 169-193

23

A.B. Poroshina, V.V. Vedeneev

10. Epstein S., Willemet M., Chowienczyk P., Alastruey J. Reducing the number of parameters in 1D arterial
blood flow modeling: less is more for patient-specific simulations. Am. J. Physiol. Heart Circ. Physiol., 2015,
vol. 309, pp. 222-234.
11. Formaggia L., Lamponi D., Quarteroni A. One-dimensional models for blood flow in arteries. J. Engng
Mathematics, 2003, vol. 47, pp. 251-276.
12. Formaggia L., Quarteroni A., Veneziani A. Cardiovascular mathematics: modeling and simulation
of the circulatory system. V1. Springer Science & Business Media, 2010, 522 p.
13. Gijsen F.J.H., van de Vosse F.N., Janssen J.D. The influence of non-Newtonian properties of blood
on the flow in large arteries: steady flow in a carotid bifurcation model. Journal of Biomechanics, 1999,
vol. 32, pp. 601-608.
14. Guan D., Liang F., Gremaud P. Comparison of the Windkessel model and structured-tree model applied
to prescribe outflow boundary conditions for a one-dimensional arterial tree model. J. Biomech., 2016,
vol. 49(9), pp. 1583-1592.
15. Jensen O.E., Pedley T.J. The existence of steady flow in a collapsed tube. J. Fluid Mech., 1989, vol. 206,
pp. 339-374.
16. Katz A.I., Chen Yu, Morreno A.H. Flow through a collapsible tube. Experimental analysis
and mathematical model. Biophysical Journal, 1969, no. 9(10), pp. 1261-1279.
17. Kholodov A.S. Nekotorye dinamicheskie modeli vneshnego dyhaniya i krovoobrashcheniya s uchetom ih
svyaznosti i perenosa veshchestva [Some dynamic models of external respiration and blood circulation, taking
into account their connectivity and substance transfer]. Computer models and the progress of medicine,
Moscow: Nauka, 2001, pp.127-163 (in Russian).
18. Koshev V.I., Petrov E.S., Volobuev A.P. Gidrodinamicheskij flatter i antiflatternaya stabilizaciya v
serdechno-sosudistoj sisteme [A hydrodynamic flutter and antiflutter stabilization in the cardiovascular
system]. Samara, 2007, 408 p. (in Russian).
19. Ku D.N. Blood flow in arteries. Annual Review of Fluid Mechanics, 1997, vol. 29, pp. 399-434.
20. Kuchumov A., Gilev V., Popov V., Samartsev V., Gavrilov V. Non-Newtonian flow of pathological bile
in the biliary system: experimental investigation and CFD simulations. Korea-Australia Rheology Journal,
2014, vol. 26, pp. 81-90.
21. Kudenatti R.B., Bujurke N.M., Pedley T.J. Stability of two-dimensional collapsible-channel flow at high
Reynolds number. J. Fluid Mech., 2012, vol. 705, pp. 371-386.
22. Kutepov A.M., Polyanin A.D., Zapryanov Z.D., Vyaz’min A.V. Khimicheskaya gidrodinamika [Chemical
Hydrodynamics]. Moscow: Kvantum, 1996, 336 p. (in Russian).
23. Liu H.F., Luo X.Y., Cai Z.X. Stability and energy budget of pressure-driven collapsible channel flow. J. Fluid
Mech. 2012, vol. 705, pp. 348-370.
24. Luo X.Y., Pedley T.J. Multiple solutions and flow limitation in collapsible channel flow. J. Fluid Mech. 2000,
vol. 420, pp. 301-324.
25. Luzsa G. X-ray anatomy of the vascular system. Lippincott, 1974, 386 p.
26. Metzner A.B., Reed J.C. Flow of non-Newtonian fluids - correlation of the laminar, transition,
and turbulent-flow regions. A.I.Ch.E. Journal, 1955, vol. 1(4), pp. 434-440.
27. Pedley T.J., Brook B.S. & Seymour R.S. Blood pressure and flow rate in the giraffe jugular vein. Philos.
Trans. R. Soc. Lond. B. Biol. Sci.,1996, vol. 351, pp. 855-866.
28. Pedley T.J., Luo X.Y. Modelling flow and oscillations in collapsible tubes. Theor. Comp. Fluid Dyn., 1998,
vol. 10, pp. 277-294.
29. Purinya B., Kasyanov V. Biomekhanika krupnyh krovenosnyh sosudov cheloveka [Biomechanics of human
large blood vessels]. Riga, 1980, 261 p. (in Russian).
30. Quarteroni A. Cardiovascular mathematics, ICM, 2006, vol. 1, 295 p.
31. Reymond P., Merenda F., Perren F., Rüfenacht D., Stergiopulos N. Validation of a one-dimensional model
of the systemic arterial tree. Am. J. Physiol. Heart Circ. Physiol., 2009, vol. 297(1), pp. H208-222.
32. Reyn J. W. Multiple solutions and flow limitation for steady flow through a collapsible tube held open at the
ends. J. Fluid Mech., 1987, vol. 174, pp. 467-493.
33. Schmidt R.F., Thews A., Gerhard S. Human phisiology. Springer-Verlag Berlin Heidelberg, 1989, 827 p.
34. Shapiro A.H. Steady flow in collapsible tubes. ASME J/Biomech. Engrg., 1977, vol. 99, pp. 126-147.
35. Shapiro A.H. Physiologic and medical aspects of flow in collapsible tubes. Proc. 6th Canadian Congress
on Applied Mechanics, 1977. pp. 883-906.
36. Simakov S.S., Kholodov A.S., Evdokimov A.V. Metody rascheta global'nogo krovotoka v organizme
cheloveka s ispol'zovaniem geterogennyh vychislitel'nyh modelej [Methods of the global blood flow
calculations in human organism using heterogenous computational models]. Medicine in the Mirror of
Informatics. Moscow: Nauka, 2008, pp. 124-170 (in Russian).
37. Smith N.P., Pullan A.J., Hunter P.J. An anatomically based model of coronary blood flow and myocardial
mechanics. SIAM J. Appl. Math., 2002, vol. 62, pp. 990-1018.

24

ISSN 2409-6601. Russian Journal of Biomechanics. 2018. Vol. 22, No. 2: 169-193

Existence and uniqueness of the stationary state of elastic tubes conveying power law fluid

38. Vassilevski Yu., Salamatova V., Simakov S. Ob ehlastichnosti sosudov v odnomernyh modelyah
gemodinamiki [On the elastisity of blood vessels in one-dimensional problems of hemodynamics]. J.
Computational Mathematics and Mathematical Physics, 2015. vol. 55, no. 9, pp. 1567-1578 (in Russian).
39. Vassilevski Y., Simakov S., Dobroserdova T., Salamatova V. Numerical issues of modelling blood flow in
networks of vessels with pathologies. Russ. J. Numer. Anal. Math. Model, 2011, vol. 26. pp. 605-622.
40. Whittaker R.J., Heil M., Jensen O.E. & Waters S.L., Predicting the onset of high-frequency self-excited
oscillations in elastic-walled tubes. Proc. R. Soc., 2010, vol. A466. pp. 3635-3657.
41. Wuyts F., Vanhuyse V., Langewouters G., Decraemer W., Raman E., Buyle S. Elastic properties of human
aortas in relation to age and atherosclerosis: a structural model. Phys. Med. Bid., 1995, vol. 40, pp. 1577-1597.
42. Yushutin V.S. Stability of flow of a nonlinear viscous power-law hardening medium in a deformable channel.
Moscow University Mechanics Bulletin, 2012, vol. 67, no. 4, pp. 99-102.
43. Xu F., Lu T.J., Seffen K.A., Ng E.Y.K. Mathematical modeling of skin bioheat transfer. Applied Mechanics
Reviews, 2009, vol. 62(5), pp. 1-35.

Received 05 May 2017

ISSN 1812-5123. Russian Journal of Biomechanics. 2018. Vol. 22, No. 2: 169-193

25

